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INFORMATION MEASURES TO CHARACTERIZE
WEIGHTED CHEMICAL STRUCTURES

MATTHIAS DEHMER AND STEPHAN BORGERT

ABSTRACT. To characterize molecule structures by using information-
theoretic techniques is an interesting and challenging problem in mathemat-
ical chemistry. However, most of the classical information indices are only
defined for characterizing the skeletons of chemical graphs that correspond to
unweighted graphs. This work presents a possible extension of an information
measure that was recently developed to determine the structural information
content of unweighted graphs. The novel measure then takes edge and ver-
tex labels into account when measuring the information content of a weighted
network. We illustrate the calculation of the resulting information measure by
considering a special weighted chemical graph.
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1 Introduction

A major part of the research in chemical graph theory deals with investigating
structural properties of molecules representing graphs by using so-called topo-
logical and information-theoretic indices [3, 2, 12, 13]. The latter is the object
of research we cover in the present paper. Generally, information theory [15]
offers quantitative methods to investigate, e.g., information processing and in-
formation transmission in graphs [2]. Particularly in mathematical chemistry,
many problems in QSAR and QSPR require methods for analyzing structural
properties of chemical graphs quantitatively. QSAR (Quantitative structure-
activity relationship) deals with descripting pharmacokinetic processes as well
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as biological activity or chemical reactivity [1, 8]. In contrast, QSPR (Quan-
titative Structure-Property Relationship) addresses the problem to convert
chemical structures into molecular descriptors [17] which are relevant to a
physico-chemical property or a biological activity [8, 9]. Especially, a main
problem in QSPR is to investigate relationships between molecular structure
and physicochemical properties [2].

In [6], we recently introduced a novel information measure to determine the
structural information content of unlabeled and undirected chemical graphs
(see Section (3)). So far, this entropic measure has been mainly used to detect
molecular branching in molecules representing the just mentioned graph class
[7].

As a main contribution of our paper, we want to extend the information
measure presented in [7] to vertex- and edge-labeled (weighted) graphs because
chemical structures can be adequately represented by graphs only if different
types of atoms (vertices) and different types of bonds (edges) are considered.
For instance, heteroatoms like nitrogen (N) or oxygen (O) instead of carbon
(C) change many properties of the molecules considerably. Double bonds and
triple bonds are much more reactive than single bonds.

A classical contribution to quantify the amount of information for the kind
of atoms in a molecule was given by [2, 5]. By using the total or mean in-
formation [2], it turned out that the so-called information indices on atomic
composition for molecules denoted by the empirical formulas A,B,C’ can be
determined as [2, 5]

Io == (x+y+2)log(x +y+2) — xlog(r) — ylog(y) — zlog(z), (1)

or
Lic = —pzlog(p:) — py log(py) — p-log(p-), (2)
where
T z z
=— p,i=——, and p,i=———. 3
b ey T e P ey ®)

However, we see that these indices do not take into account any structural
properties of the molecules. In contrast, in the following we put the emphasis
on developing an information measure for characterizing chemical structures
representing vertex- and edge-labeled graphs.
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2 Mathematical Preliminaries

In this section, we briefly introduce mathematical preliminaries [4, 11, 10] to

formulate our approach. For this, we first start with the definition of finite,

undirected and connected graphs. We call G = (V) E),|V| < o0, E C (‘2/) a
finite, undirected and connected graph whereas Gy denotes the set of such
graphs. In the following, we also repeat the definitions of some metrical prop-
erties of graphs [7, 16]. d(u,v) denotes the shortest distance between u € V
and v € V. d(u,v) is an integer metric. For G € Gy, o(v) = max,ey d(u,v)
is called the eccentricity of v € V and p(G) = max,cy o(v) the diameter of G,

respectively.
Si(v;, G) :==A{v e V|d(v;,v) = j, j > 1}, (4)

denotes the j-sphere of v; regarding G' € Gyc. Further, we state the following
definitions.

Definition 2.1 Let

AG = (L2, I, (5)
and .
AG =L 2, (6)

be unique (finite) vertex and edge alphabets, respectively. Iy -V — A and
lp : E — A% are the corresponding edge and vertex labeling functions. Then,
we call G := (V, E,ly,lg) a finite, undirected and labeled graph. Gy denotes
the set of finite, undirected and labeled graphs.

Definition 2.2 Let X be a discrete random variable with alphabet A and
p(x;) = Pr(X = x;) be the probability mass function of X. Then, the en-
tropy of X is defined by

H(X) ==Y p(x;)log(p(x:)). (7)

T, €A
3 Structural Information Content of Unweighted

Graphs

We briefly repeat the construction of the entropy measure for determining the
structural information content of unlabeled graphs that was recently intro-
duced in [7, 6]. In [7], the resulting information measure was mainly used to

3



4 STRUCTURAL INFORMATION CONTENT OF WEIGHTED
Understanding Intelligent and Complex Systems GRAPHS

detect molecular branching in unlabeled chemical graphs. As mentioned, the
chemical graphs were considered as skeletons only, i.e., all atoms and all bonds
were considered as equal. To define a probability distribution by inferring
structural characteristics from the graphs under consideration, we used the
definition of the j-spheres, see Equation (4). Finally, we defined the quantities

fv(vz)
Zlv‘ Y (vy)

which have been interpreted as vertex probabilities [7]. Further,

P’ (v;) =

(8)

fV(Uz') = 51 (viG)Hea| 92 (v G)tepa) o) (v G

cg >0,1 <k <p(G),a>0, (9)

represents an information functional that captures structural information of a
graph. ¢, are arbitrary real positive coefficients to be chosen such that they are
not all equal. We see that this information functional is based on the inferred j-
sphere cardinalities. From these definitions, the structural information content
of G € Gyc has been defined as its corresponding entropy [6]. As a result, we

obtained
[V]

fw) ( 1 () ) 0
;Z|Vl1fv(vj) e Z|V|1fv(vj) ’ o)

that represents a family of graph entropy measures. From a mathematical
viewpoint, it turned out [7] that this entropy measure generalizes most of the

classical information indices used in mathematical and computational chem-
istry [2, 14, 17].

Iv (G) == —

4 Structural Information Content of Weighted
Graphs

In this section, we want to extend the proposed entropy measure from the
previous section for determining the structural information content of vertex-
and edge-labeled (weighted) graphs. Let G = (V, E) € Gy, and let v; € V be
an arbitrary vertex. Further, we assume that G is arbitrarily labeled (regarding
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Figure 1: A special vertex- and edge-labeled graph.

the labels v;, 1 <7 < |V]). In the following, we define the paths

Plj = (Uiyvalavaza"'avaj)a (11)
PQJ = (Ui,/l)bl,/l]bQ,.-.,Ubj), (12)
P,fj 1= (Viy Vays Vays - - -5 Vs ), (13)

which are induced by determining the shortest paths starting from v;. Hence,
the corresponding edge sets are given by

E{ = {{vi7 Ua1}’ {UUd?UQQ}? R {’UG«]%I?/UU«J'}}? (14)

E% = {{Ui? Ub1}7 {Ub17vb2}7 ceey {Ubj—17 Ubj}}’ (15)
El]i;]- = {{vi? Uﬂm}v {vxlavxz}u ) {ijfuij}}v (16)

and we set . ' . '
EV:=E{UE]U - UE]. (17)

As an example, we consider G = (V, E) € Gy, depicted in Figure (1). It holds

Ly(v1) = l,(v3) = ly(vg) = a, l,(v2) = b, (18)

and

le({vi,v1}) = le({vi, v3}) = l({v1, va}) = €, (19)
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where AS = {a,b} and AG = {¢}. Further, to determine the paths induced by
the 2-sphere exemplarily, we obtain

Pl2 = (Uiﬂva17va2)a (20)
P22 = (Vi, Uy, Vby ) (21)
P32 = (Ui’ UCUUCQ)? (22)
and
Vg, = U3, Up, = Vg, Uy = U1, Vgy = Up, = Vg, = V4. (23)

We want to emphasize that if the vertex numbering labels v; change, the vertex
and edge labels remain unchanged. Therefore, for determining the paths as
outlined, it suffices to consider the corresponding unlabeled version of this
graph. Now, for j = 1,2,..., p(G), we define the quantities

(S5 (v, )| += [{v € V] d(vi,v) = j, j > 1, ly(v) = 11,
p=1,2,... JAS}, (24)
and
‘Ezjg’ =|{ecElUE}U---U E,]fj] eis incident withv € S;(v;, G)
A lgle) =18 p=1,2,...,|AG]}. (25)

To illustrate the given definitions, we consider Figure (2). This figure shows a
special chemical structure represented by a vertex- and edge-labeled chemical
graph G. We set AY = {O,C,N} and A% = {s,d}. O,C and N denote the
kind of atoms. The edge type s represents a single bond whereas d represents
a double bond. For example, if we choose v3 as a starting vertex, we yield

|57 (03, G)| = 1,157 (v3, @) = 1,187 (v, G)| = 1, (26)
155 (v3, G)| = 0,195 (v3, G)| = 2,185 (v3,G)| = 0, (27)
155 (v, G)| = 1,155 (vs, G)| = 0,155 (v3, G)| = 0, (28)
and
B} =2, 1B} =1, (29)
|E3| = 2,|Ef| =0, (30)
|E3| = 1,|Ej| = 0. (31)

By using the above given definitions, we first obtain direct generalizations of
the information functional expressed by Equation (9).
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Figure 2: Left: A chemical structure representing C4H9NOs. Right: The
corresponding vertex- and edge-labeled graph G.

Definition 4.1 Let G = (V,E) € Gyr and we assume that A§ # 0. We
define

V(o) = oSS st o S o o s 0. (32)

Definition 4.2 Let G = (V,E) € Gy, and we assume that AG # 0. We
define

ZP(G) ZlAE‘ l IE

fE(v) = a b >0, a>0. (33)

Now, it is straightforward to derive an information functional for quantifying
structural information of vertex- and edge-labeled graphs.

Definition 4.3 Let G = (V,E) € Gy, and we assume that A, AG # 0. We
define

V.E S s o s o 1s), ]

fim (i) =«

bf,cﬁf >0, a>0. (34)

From this, we yield the corresponding families of entropic measures to deter-
mine the structural information content of labeled graphs.
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Definition 4.4 Let G = (V, E) € Gy and we assume that A, AG # 0. We
obtain the following information measures:

Vi

Iy (G) o= — Z#lo (#) (35)

el DI ALCH B DAL (Y
L fEw) (v:)
I;p(G) == — ; Z|V| EZ(UJ) log <Z|V|1 fll@])) (36)

Vi

Ive(G) = — ;Zwﬁ (vz-)(vj) log (DVl’ (vz>( )). (37)

To determine the information functionals f}", flV’E as well as the correspond-
ing structural information contents exemplarily, we again consider Figure (2).
First, we determine the information functional f""(v;) as follows:

fV’E(U1) _ ac§+c§+c2N+2c§+c§)+bf+b§+bg+2b§+bz’ (38)
fV,E<U2) — ac?+c§+c1§+2c§5+c§>+b‘f+2b§+2b§+bi7 (39)
fV,E<U3) — acloJrcchrcll\Uchngcngbe+b§l+2b§+b§7 (40)
fV’E(U4) . +2c§+c§+3b5+2b3+bd (41)
fV,E<US) — +2c20+2c30+c§+bi+2b§+b§+2b§’ (42)
fV,E(UG) — ac?Jrclf+2cg+c§?+c§3+2b§+2b§+bg+b§7 (43)
fV,E<U7) — C1 Hed +2e5 e el b b3 +2b5+bi+b5 (44)

To obtain these equations, we first compute the 1-sphere cardinalities for ver-
tices having the labels O, C and N

|SIC(UZ’G)|7|SIO(UHG)|7|S{V(UZ7G)|7 (45)

and multiply those with the corresponding coefficients ¢, ¢, Y. Then, we

perform the same step to calculate
S (13, G)1, 185 (vi, G)1, 183 (v, G)). (46)

For each vertex v;, we continue this step until j = p(G) = 4 holds. Second,
for each vertex v;, we compute the quantities |E!| and |E}]|, i.e., the number
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of edges induced by P!, Py, ..

.,Pkl1 having the edge types s and d, respec-

tively. After this calculation, we multiply the computed quantities with the
corresponding coefficients bj and b¢. We continue this step until calculating
EX9| and |E?'Y| induced by P9 PY9 . PP9 | As a result, we obtained

ko)
Equation (38)-(44).
For example, if we now set

A =9>c=7>c =5>c:=2,
& =8>c =6>cf =4>cf =2,

Ai=6>c =4>c =2>c =1,
bl :=8>b5:=6>0b5:=4>0b):=2,
bW i=6>0b:=4>b:=2>b]:=1,

we yield
FYE(0y) = a7,
FYE (05) i= o,
FYE (1) 1= a8,
FYE () = o™,
FYE(vg) = o,
FYE (1) = a™,
FYE () o= 0.

Finally, the structural information content of GG by using the computed infor-

mation functionals f,"”(v;) becomes to

VI 50 50 56 56 57
a a a a a
IflV,E(G) = — E —log <—> + —log (—) + —log

where
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Now, Equation (59) represents a family of information measures for measuring
the structural information content of the vertex- and edge-labeled chemical
graph G shown in Figure (2). Further, we see that Equation (59) now depends
on a free parameter o only. As a result, we obtain different entropy values by
varying this parameter. Finally, this gives us a possibility to study the local
information spread in chemical graphs.

5 Summary and Conclusion

In this paper, we presented a generalization of a recently developed method
to determine the structural information content of unlabeled chemical graphs
[7]. The structural information content has been interpreted as the entropy
of the underlying graph topology. Our generalization done in this paper con-
cerns the problem to measure the entropy of vertex- and edge-labeled chemical
graphs. As a result, we got certain families of entropy measures to characterize
labeled chemical graphs. As a result, we see that the proposed approach based
on using certain information functionals is powerful because different infor-
mation functionals can be easily incorporated. That means, to determine the
structural information content of special labeled chemical graphs, special in-
formation functionals can be defined. Further, starting from appropriate data
sets, the idea of incorporating parameterized information functionals offers
the perspective to use machine learning methods for learning optimal parame-
ters. In particular, this can be interesting for predicting the entropy of labeled
chemical graphs by using chemical databases.

As future work, we want to apply our method to large databases for clas-
sifying labeled chemical structures automatically.
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