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Abstract: In this paper, we stale information inequalities for nanostructures
representing graphs by using some novel information functionals, We use a
recently proposed approach to determine the structwral information content of
arbitrary undirected and connected graphs. In contrast to the information indices
often used in chemical information theory, the entropy measure does not depend
on the problem to determine vertex partitions of a graph under consideration.
Finally, to define the entropy of a graph, we use certain information function-
als. As the main result, we dertve so-called tmplicit and explicit informaiion
nequalities for arbitrary undirected and connected graphs.
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1. INTRODUCTION

So far, several classes of nanostructures representing (chemical) graphs by using
graph-theoretical indices which characterize structural features of the underly-
ing graphs have been frequently investigated, e.g., see (Ashrafi, Ghorbani and
Jalali, 2008; Diudea, Stefu, Parv and John, 2004; Diudea and Nagy, 2007;
Yousefi-Azari, Ashrafi and Khalifeh, 2008). Generally, to characterize chemical
graphs topologically, various topological indices have been used (Devillers and
Balaban, 1999). An interesting class of such indices for characterizing networks
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are information measures which are usually based on the well known SHANNON-
entropy (Shannon and Weaver, 1997). Mathematical properties of such infor-
mation measures for graphs have been intensely investigated in (Bonchev, 1983;
Bonchev, 1979; Devillers and Balaban, 1999; Solé and Valverde, 2004).

In this paper, we discuss the problem of deriving information inequalities for
arbitrary undirected and connected networks. In information theory, the prob-
lem of investigating information inequalities has been addressed by (Zhang and
Yeung, 1997; Zhang and Yeung, 1998). In contrast, we express some implicit
and explicit information inequalities for graphs. The problem of finding im-
plicit information inequalities has been already similarly addressed in (Dehmer,
2008; Dehmer, Borgert and Emmert-Streib, 2008). To derive the corresponding
graph entropy measures by using some novel information functionals, we use
an approach that has been recently discussed in (Dehmer, 2008). As the main
contribution of this paper, we obtaln some implicit and explicit information
inequalities for graphs based on the defined information functionals.

It is important to mention that in this paper, we will not interpret the de-
rived entropy measures explicitly based on setz of chemical graphs. We already
investigated the meaning of some these graph entropy measures (based on the
information functional f¥(v;) and similar ones) in (Dehmer and Emmert-Streib,
2008; Dehmer, Varmuza, Borgert and Emmert-Streib, 2009). Especially by us-
ing the information functional fs(vi), we found that a similarly defined graph
entropy measure (see (Dehmer, Varmuza, Borgert and Emmert-Streib, 2009))
characterizes the diversity of the atoms in terms of neighborhood, and thereby
captures a special type of structural complexity and inner symmetry (Dehmer,
Varmuza, Borgert and Emmert-Streib, 2009). Of course, such insights could be
obtained by considering the information functionals we will define in the present
paper. However, this will not be the point of this paper. As mentioned above,
we focus on deriving information inequalities based on the novel information
functionals we will introduce.

2. INFORMATION MEASURES IN
CHEMICAL INFORMATION THEORY

In the following, we give a short review of such information measures for graphs
which have been intensely used in chemical information theory. The rich variety
of molecular structures contributed to the considerable efforts to introduce infor-
mation measures of graphs (Bonchev, 1983; Bonchev, Mekenyan and Trinajstié,
1981; Bonchev and Trinajstié, 1982; Bonchev, 1995; Bonchev, 2003; Bonchev
and Buck, 2005). The Shannon equations can be more generally treated as
characterizing the distribution of any graph invariant X according to a certain
equivalency criterion a:

k
1(G, o) = | X|log(IX]) — > 1Xs] log(|Xal), (1)

i=1

k ke
(@ a)=— Z P log(P;) = — Z ‘gg“ log (%) . (2)
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The first invariant studied was the number of graph vertices, while the equiv-
alence criterion «, which produces the vertex set partitioning into & subsets of
cardinality |V, included vertex coloring (elemental compaosition of molecule),
vertex degree denoted by d(v;) (Harary, 1969), extended (second, third, etc.)
vertex degree (Basak, 1987) and its combining with the elementary composition
(the RASHESVSKY approach (Rashevsky, 1955)), orbits of the vertex automor-
phisms group of the graph (Trucco, 1956), vertex total distance (Bonchev and
Trinajstié, 1977), and vertex ordering with respect to the graph center (Bonchev,
Balaban and Mekenyan, 1980). Later, RASHESVSKY’s approach has been more
rigorously defined as an extension of the finite probability acheme by Mow-
SHOWITZ (Mowshowitz, 1968), and applied to other important graph invariant
decompositions.

One of the latest graph complexity measures iz based on the distribution of
the vertex degree to distance ratios, b; = 6@ ) (Bonchev and Buck, 2005), an
information functional, which integrates two of the criteria for a complex graph
- high connectivity and small radius. The possibility for using the number of
graph edges |E] as a basis for additional information functionals have been first
mentioned by TRUCCO (Trucco, 1956), who proposed to use the graph edges
partitioning into the orbits of the edge automorphisms group of the graph.

A more sophisticated information measure has been developed recently within
the framework of the overall topological indices concept (Bonchev, 2005). It cal-
culates the overall value (X of a certain graph invariant X by summing up its
values in all subgraphs, and partitioning them into terms of increasing orders.
Many concrete measures can be found in (Bonchev, 2005). The properties of
most of the here mentioned information functionals are not studied in detail,
and will be a subject of our future research.

3. INFORMATION FUNCTIONALS

In this section, we define some novel information functionals for graphs. Start-
ing from these functionals, we obtain families of entropic measures. In this
paper, we restrict our analysis to undirected and connected graphs without
loops and multiple edges. Before starting with the definitions, we first express
the required graph-theoretical preliminaries (Harary, 1969; Skorobogatov and
Dobrynin, 1988). Let Gy be the set of finite, undirected and connected graphs
G = (V,E). Ky denotes the complete graph with |V'| vertices. The degree
of a vertex v € V is denoted by d(v) and equals the number of edges e € F
which are incident with ». The quantity o{v) = max,cy d{u,v) is called the
eccentricity of v € V. d(u,v) denotes the shortest distance between u and v.
p(G) = maxyey o(v) and 7(G) = minyey o(v) is called the diameter and the
radius of &, respectively. Further, we define

Si(ve) i={ve V]d(v,v)=17,7 > 1% (3

8;(vy) is called j-sphere of v; regarding . In the following, we use the def-
inition of the so-called local information graph L(v;,j) of G € Gy that has
been originally defined in (Dehmer, 2008). This definition iz used to define in-
formation functionals we want to use in this paper. For a vertex v; € V', we set
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S;i(vi) = {vu, s Ve s - . » Ve, } and determine the induced shortest paths:
Pi:, (IU"") - (’U.,-:, Vg s Vigyve s ,’qu), (4)
Pé:, (Uz) = (’U:,g, Uwiavwga"-7ij)7 (5)
Pf; (7-’1) = (Ui:"'-’cma"'-’zzy---:?-’w;f)- (6)

The corresponding edge sets are defined by

Ei - {{inUui}?{UUUUHQ}?{UquUUS }7 7{1}“3717?}’&3 }}7 (7)
E% - {{UiuUw1}7{mevwz}v{vwgavwg}a- --7{1)1.037171)1.03}}7 (8)
Eij = {{Uiavwi}’{vwi’vﬂz}’{Uﬂz’vﬂg}"- "{U:I:in’vzj}}‘ (9)

If we now set

ij = {U'i-; Vay s Vagy e e s 71)1.!,3 }U{U’iavwiavwgr i 7Uwa }U . 'U{Ui7UT17U127- & 7UTJ' }7

and Ei = Ei . E% U u E‘,‘ij , we define the local information graph L{v;, j) of
& regarding v; by _—
L{vi,3) = (Vi, E7). (10)

We remark that the local information graph regarding v; € V' can not always
be uniquely defined because there often exists more than one path from v; to a
certain vertex in the corresponding j-sphere (Dehmer, 2008).

Definition 3.1 Let G = (V, E) € Guc. We define the information functional
! N ('Uz) by

FE(ws) 1= 1|81 (vs)| + 2| S2(w)| + -+ + oy | Sagey (03)] (11)
where the cp, 1 < k < p(G) are real positive coefficients.

Definition 3.2 Let G = (V, E) € Guc. We define the information functional
fd(”Uz') by
FAws) == d(vs, v1) + dws,v2) + - + d(wi, vy (12)
Definition 3.3 Let & = (V, E) € Guc. We define the information functional
FE(v;) by
FE(ve) 1= b B(L(vg, 1)] 4 b2 | E(L (w3, 2)| + - + byeen | E(L{ve, o(G)))], (13)
where the by, 1 < k < p(G) are real posttive coefficients. |E(L(vi, 7))| denotes
the number of edges of L{vs, 7).

Definition 3.4 Let G = (V, E) € Gyo. For each vertex v; € V., we define the
vertex probabilities as follows

£ ()

fs Vi) = ’
7= ST s

(14)
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d L fd (UZ)
Pf (vi) == EW\I fd("u:,) (15)
and
A P O as)
T S Ry
Definition 3.5 We finally define the corresponding entropic measures by
V] s s
s b (’Uz) f (Uz)
I (@) = — 1 ( ) (17)
25 ss S o)

VI

‘ FE () I (vy)
"= 7; =l fd(”Uj)l (Z'V' fd(""’j)), a4

and
V]

- 7 (vy) £7 ()
7@ == ;2"" B () log(z"’ FE >) 1)

A simple observation for finding graphs which maximize these entropic measures
represents the following statement.

Theorem 3.1 The complete graph Ky marimizes IT{@) by using the infor-
mation functionals fS(Ui),fd(Ui), and fE(’uz)

Proof: We start the information functional I4° (G). For each vertex v; of Ky,
it holds |E(L{v;, 1)) = V]| — 1 and | E(L(v, 7)) =0, 2 < § < p(&). Hence, we
vield

_om@vi-n 1
Y= v VT e

Therefore, IEa (K‘V|) attalns maximum entropy. For fS(fui) and f¢ (vs), the
proof can be done analogously.

4. INFORMATION INEQUALITIES

In this section, we prove some information inequalities for graphs. In this paper,
we divide the obtained information inequalities into the following two categories:

1. Implicit information inequalities: The entropy of a graph & is character-
ized by another graph entropy expression based on an inequality

{Bxample: If(G) (<) all” ({G)).
>

2. Explicit information inequalities: The entropy of a graph G will be esti-
mated by a constant expression (Fxample: If(G) (<) £
>
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4.1. Implicit Information Inequalities

‘We start this section with expressing an assertion to obtain certain infor-
mation Inequalities for graphs. This assertion has been already expressed in
(Dehmer, 2008) for deriving relationships between the resulting graph entropies
by using different parameterized information functionals (Dehmer, 2008).

Lemma 4.1 Let G € Guo. Further, let [ and f* be two arbitrary information
functionals. If the relation

Pf(”Uz‘) < ap’ (vi), (21)
)
holds, then we obiain

@ Z oI’ (G) — alog(a). (22)

Fither, o depends from the information functionals or is a constant expression.

By using this lemma, we are now able to state implicit information inequal-
ities according to the defined information functionals.

Theorem 4.1 Let G € Gueo. Let % and f2 be the information functionals
expressed by Definition (3.1) and Definition (3.2), respectively. First, the in-
equaltty

P () < o7 geol) S L) @3)
v (v) < P’ (v p(G) = ————,
>opch £5(ug)
is valid, where ©° 1= maxi<j<, ;. Second, 4t holds
s l-V‘ fd("U') o
P(G) > ¢ p( )y L I (@)
S S wy)

. W F ) . o )
— ¥ p(G) E;z‘l fS(”Uj) IOg (99 IO(G) E;z‘l fS(”UJ.)) . (24)

Proof: For deriving a relation between fs(vt) and f¢ (vs), we first observe that
185 ()| < dve,v) + dvg,va) + -+ d{vg, o)) = F v, (25)
holds. To see this inequality, we always find

y=18@) <y g+ D> dv,v), (26)
vES; (v:)

= Z d{vs,v) + Z d(vg,v),
vES; (v:) VES; (v
= d(vs, v1) + d(vi,v2) + -+ d(vs,vpyv)), v, 7> 1

Hence, Inequality (25) holds. If we now assume that at least two consecutive
coefficients are not equal, we further obtain
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£ () i= ea|S1(vs)| + ealS2 (v 4 - + oqan) | S (v (27)
< @ (|51 (wa)| + [S2 (v + -+ + [Sprcy (v)])
< @ p(G) % (ve).
From this, we yield

£ (vg) F4(ve)

) = c
p ) = — L0 ey ) ©28)
SR 5 ) S 5y
NS » A %)
=" e O
Zj:lf (v;)
: e = i) . _
By setting a 1= ¢ p(G’)W and applyving Lemma (4.1), we now infer
i=1 Ui

Inequality (24). Hence, the theorem is proven.

Theorem 4.2 Let G < Gue. It holds
= C o (4 C
16) > ¢ EVIHGI @) — TV Ip(6) o (%IW)(G)) . o)

where ¢° 1= mini<j<, ¢5.

Proof: We start with Inequality (23). By estimating the fraction of this in-
equality, we yield

s SN ) L (7 RS 4 %' (e)
(v < ol (v P(G)m <p" (v P(G)Wa (30)
o 00 5, IVIn(@),
because it holds
[V [V
Zfd('vj) = Z (d(vs,v1) 4+ dlvg, ve) + -+ + d(vy, o)) (31)
[V
< Z Vp(G)y = [V]?p(@),
and
[V V]
Z Fovy) = Z (e1]S1(ve)| + 2l So(w)| + -+ + o] Soe (wi)]) (32)
V]

> Zqﬁcp(G) = |V]¢°p(G).

Now, by applying Lemma (4.1), we infer Inequality (29).
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Now, the application of Lemma (4.1) to Inequality (38) completes the proof.
To finalize thiz section, we alzo want to express an implicit information

inequality by incorporating £%(v;) and £5 ().

Theorem 4.5 Let G € Gye. If it holds ¢; < b;, then we yield

@) > e —

S £ () S R () S £ ()
V] v log | v Y
23':1 F8(w;) ijl F8 () 23':1 F8(wy)

Proof: We do give a sketch of this proof only. The main step is to find a
relation between fZ{v;) and (). Now, we infer that it generally holds

1S5 (va)l < 7+ |S3(w)| =1 <+ |Si(vg)| — 142, §>1,2>0 (42)
= |E(L (s, ).

Starting from Inequality (42) and taking ¢; < b; into account, we further get
VI rE
B Ej:lf {vs) PE
7o) < e T
F=1 (v5)

By now applying Lemma (4.1) to Inequality (43), the proof can be completed.

(v3). (43)

Remark 4.1 We want to remark that many other implicit information inegual-
ities can be proven. In summary, the shown method mainly depends on (%)
finding certain relationships between the information functionals which capture
structural information of a graph (e.g., see Theorem (4.1)) or (i1} finding esti-
mations for the used information functionals {e.g., see Theorem (4.3)).

4.2, Explicit Information Inequalities

As a first attempt, we state some explicit information inequalities bazed on
the information functionals we have expressed in Section(3).

Theorem 4.6 Let G € Guo. We define

o o : c c :
= max by, #7 1= min by, ©f 1= max ¢z, ¢f = min ¢y, wy = max wlvy).
Y= 2R 0 & AR U % t=i=e 70T assiv ()
JRE JRE JR JRE JRE
(44)

Then, the following tnequaltties are valid:

(@) > [of o (o1 @) - (W11} | 20w (o ) 9
1@ > ot etox (@) - (11 1) 20 {0y )] @0

and

1) > [pf* 10w (o7 )| (V1 1) [ 2L g (2 it
47

& ¢t [VI]-|E|
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Proof: To prove Inequality (45), we find
V]

E] fS(Ui) fs(vt)
T O Y T sy (m) -

fS('UZ) lg( f (Ut) )‘
S #5 (o) STV 5 (o)

V] fS('Uz) og fS(Ui)
S S ) S S )

f7(ws) . % . s
S ) T e S ey T e Ve

VI

=2,

> o (w) oz (77 (v0) \—

Further, we yield

(49)

and
) e
SV Sy 5V

(50)
Now, we finally infer

(@) > ‘pfs(w) log (pfs(vi))‘fo )‘qﬁ' '|V| og (ﬁ)‘ (51)

But this inequality equals Inequality (45). Inequality (46) and Inequality (47)
can be proven analogously.

The following theorem can be similarly proven than Theorem (4.6).

Theorem 4.7 Let G € G, We define o = maxicj<, by and PP 1= ming < <, ;.
Then, the following inequalities are valid:

@< VI i s (o \V\ St 2)
40 < VI L ee (e rra )| 53
" 1@< V1 5o () o

5 SUMMARY AND CONCLUSION

In this paper, we investigated the problem of deriving information inequali-
ties for graphs. For doing so, we used the construction of the graph entropy
measure which has been published in (Dehmer, 2008). Here, we distinguished
go called implicit and explicit information inequalities (see Section 4). For ex-
ample, the proven inequalities may serve 4or characterizing graphs, e.g., see
(Dehmer, Borgert and Emmert-Streib, 2008). For deriving implicit inequalities,
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either one has to infer a relation between the used information functionals under
conaideration or one must find an estimation for an information functional that
quantifies structural information of a graph. In contrast, explicit information
inequalities represent estimates for the entropies of graphs (e.g., representing
lower or upper bounds).

As future work, we want to define further information functionals to charac-
terize certain graph classes by using entropy measures. In particular, we would
like to infer information inequalities for classical entropy measures used in chem-
ical graph theory by investigating the corresponding information functionals in
depth. Such are almost unexplored so far. Further, we want to work towards
the challenging problem of interpreting the derived information inequalities for
given sets of nanostructures representing chemical graphs. Another point of
interest is to interpret the introduced information measures (based on the de-
fined information functionals) with respect to given sets of nanostructures, e.g.,
fullerenes ete.
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